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Metalli Graphene Nanodisks
Motohiko Ezawa
Department of Physis, University of Tokyo, Hongo 7-3-1, 113-0033, Japan
We explore the eletroni properties of nite-length graphene nanoribbons as well as graphene
nanodisks with various sizes and shapes in quest of metalli ones. For this purpose it is suient
to searh zero-energy states. We nd that there exist no zero-energy states in nite-length zigzag
nanoribbons though all innite-length zigzag nanoribbons have zero-energy states. The ourrene
of zero-energy states is surprisingly rare. Among typial nanodisks, only trigonal zigzag nanodisks
have degenerate zero-energy states and show metalli ferromagnetism, where the degeneray an be
ontrolled arbitrarily by designing the size. A remarkable property is that the relaxation time is
quite large in spite of its small size in trigonal zigzag nanodisks.
I. INTRODUCTION
Graphene
1,2,3
, a single atomi layer of graphite, has
invoked a great interest in the eletroni properties
of graphene-related materials. In partiular, graphene
nanoribbons
4,5,6,7,8,9,10,11,12
have attrated muh atten-
tion due to a rih variety of band gaps, from met-
als to wide-gap semiondutors. They are manufa-
tured by patterning based on nanoeletroni lithogra-
phy methods
10,11,13
. It is interesting that graphene with
a zigzag edge has the half-lled at band at the zero-
energy level and show edge ferromagnetism
4
. The half-
lled zero-energy states emerge also in all zigzag nanorib-
bons and hene they are metalli
4,5
. However, realisti
nanoribbons have nite length. It is important to investi-
gate the nite-length eets on the eletroni properties
of nanoribbons.
Another basi element of graphene derivatives is a
graphene nanodisk
14
. It is a nanometer-sale disk-like
material whih has a losed edge. A graphene nan-
odisk an be onstruted by onneting several benzenes.
There are many type of nanodisks, where typial exam-
ples are displayed in Fig.1. Finite-length nanoribbons
may be regarded as nanodisks provided that their length
is short [Fig.2℄. Some of nanodisks have already been
manufatured by soft-landing mass spetrometry
15
.
In this paper we analyze the eletri properties of nan-
odisks as well as nite-length nanoribbons. Sine all
zigzag nanoribbons are metalli, as we have mentioned,
we expet all zigzag graphene derivatives are also metal-
li. On the ontrary, the emergene of zero-energy states
is quite rare. We show that there are no zero-energy
states in nite-length zigzag nanoribbons. We also in-
vestigate a lass of trigonal and hexagonal nanodisks
possessing zigzag or armhair edges, among whih we
have found zero-energy states only in trigonal zigzag nan-
odisks.
Trigonal zigzag nanodisks are prominent in their ele-
troni properties beause there exist half-lled zero-
energy states and they are metalli. Indeed, we an en-
gineer nanodisks equipped with an arbitrary number of
degenerate zero-energy states. Furthermore, spins are
argued to make a ferromagneti oupling. A remarkable
property is that the relaxation time is quite large in spite
FIG. 1: Basi ongurations of typial graphene nanodisks.
(a) Benzene. (b) Trigonal zigzag nanodisk (phenalene). ()
Trigonal armhair nanodisk (triphenylene). (d) Hexagonal
zigzag nanodisk (oronene). (e) Hexagonal armhair nanodisk
(hexa benzooronene)
15
.
of its small size.
This paper is organized as follows. In Setion II and
III, based on the tight-binding Hamiltonian, we alu-
late the energy spetra of nite-length zigzag nanorib-
bons and of a wide lass of graphene nanodisks, respe-
tively. In Setion III, we also arry out a systemati
investigation of the zero energy states in trigonal zigzag
nanodisks. In Setion IV, we analyze the wave funtions
of these zero-energy states to examine how they are lo-
alized at the edges. In Setion V, we study the spin-
relaxation time of nanodisks. Setion VI is devoted to
disussions.
II. ENERGY SPECTRUM OF FINITE-LENGTH
NANORIBBONS
We alulate the energy spetra of graphene deriva-
tives based on the nearest-neighbor tight-binding model,
whih has been suessfully applied to the studies of ar-
bon nanotubes
16
and nanoribbons
5
. The Hamiltonian is
dened by
H =
∑
i
εic
†
i ci +
∑
〈i,j〉
tijc
†
icj , (2.1)
where εi is the site energy, tij is the transfer energy, and
c†i is the reation operator of the pi eletron at the site i.
The summation is taken over all nearest neighboring sites
〈i, j〉. Owing to their homogeneous geometrial ongu-
ration, we may take onstant values for these energies,
εi = εF and tij = t. Then, the diagonal term in (2.1)
2FIG. 2: Geometri onguration of zigzag nanoribbons with
width W and length L. Here we show the example of the
(W,L) = (3, 8) nanoribbon. The basi hain is W onneted
benzene depited in gray. Short nanoribbons may be regarded
as parallelogrammi nanodisks.
yields just a onstant, ε
F
N
C
, where N
C
is the number
of arbon atoms in the system. The Hamiltonian (2.1)
yields the Dira eletrons for graphene
1,2,3
. There exists
one eletron per one arbon and the band-lling fator
is 1/2. It is ustomary to hoose the zero-energy level
of the tight-binding Hamiltonian (2.1) at this point so
that the energy spetrum is symmetri between the pos-
itive and negative energy states. Therefore, the system
is metalli provided that there exists zero-energy states
in the spetrum.
In this setion we investigate nite-length nanoribbons
to know if there are zero-energy states. A lassiation of
innite-length nanoribbons is given in a previous work
5
.
Here we onentrate on nite-length zigzag nanoribbons.
We lassify them as follows (Fig.2). First we take a ba-
si hain of W onneted arbon hexagons, as depited
in dark gray. Seond we translate this hain. Repeating
this translation L times we onstrut a nanoribbon in-
dexed by a set of two integers (W,L). In what follows we
analyze a lass of nite-length nanoribbons generated in
this way. Parameters W and L speify the width and
the length of nanoribbons, respetively. The innite-
length nanoribbons are obtained by letting L→∞. The
nite-length nanoribbons are regarded as parallelogram-
mi nanodisks when L ≈W .
In analyzing a nanoribbon ontaining N
C
arbon
atoms, the Hamiltonian (2.1) is redued to an N
C
×N
C
matrix. It is possible to diagonalize the Hamiltonian ex-
atly to determine the energy spetrum Ei together with
its degeneray gi for eah nite-length nanoribbon. The
density of state is given by
D (ε) =
N
C∑
i=1
giδ (ε− Ei) . (2.2)
It an be shown that the determinant assoiated with the
Hamiltonian (2.1) has a fator suh that
det [εI −H (N
C
)] ∝ (ε− t)a(W,L)(ε+ t)a(W,L), (2.3)
implying the a (W,L)-fold degeneray of the states with
FIG. 3: (Color online) Density of states of nite-length
nanoribbons. The vertial axes is the energy ε in units of
t = 3eV, and the horizontal axes is the degeneray. There
exist no zero-energy states.
the energy ε = ±t, where
a (1, L) = 2, 1, 2, 1, 2, 1, 2, 1, 2, 1, ...., (2.4a)
a (2, L) = 1, 1, 0, 2, 0, 1, 1, 0, 2, 0, ...., (2.4b)
a (3, L) = 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, ...., (2.4)
a (4, L) = 1, 2, 0, 3, 0, 2, 1, 1, 2, 0, ..... (2.4d)
We have displayed the full spetra for some examples of
nite-length nanoribbons by taking t = 3eV in Fig.3.
One of our main results is that there are no zero-energy
states in nite-length nanoribbons. However, the band
gap dereases inversely to the length, and zero-energy
states emerge as L → ∞, as shown in Fig.4. This
is onsistent with the fat that innite-length nanorib-
bons have the at band made of degenerated zero-energy
states
4,5
. Hene, a suiently long nanoribbon an be
regarded pratially as a metal.
III. ENERGY SPECTRUM OF NANODISKS
We next derive the energy spetrum of eah nanodisk
[Fig.1℄ by diagonalizing the Hamiltonian (2.1). As an
example we display the density of state (2.2) of trigonal
zigzag nanodisks in Fig.5. We have lassied them by
the size parameter N as dened in Fig.5(a). The number
of arbons are given by N
C
= N2 + 6N + 6.
In order to reveal a global struture, it is onvenient to
introdue the doped eletron number at a given energy
E, whih we normalize as
n (E) =
1
N
C
∫ E
0
D (ε)dε, (3.1)
3FIG. 4: Band gap of zigzag nanoribbons as a funtion of
length L. The horizontal axes is the length L and the vertial
axes is the energy gap ∆E in units of t = 3eV. Eah urve is
for width W = 1 to 7 from top to bottom.
FIG. 5: (Color online) (a) Geometri onguration of trigo-
nal zigzag nanodisks. It is onvenient to introdue the size
parameter N in this way. The 0-trigonal nanodisk onsists of
a single Benzene, and so on. The number of arbon atoms are
related as N
C
= N2 + 6N + 6. See expliit examples given
in Fig.7. (b) Density of states of the N-trigonal nanodisk for
N = 0, 1, 2, · · · , 7. The horizontal axis is the size N and the
vertial axis is the energy ε(N) in units of t = 3eV. Dots on
olored bar indiate the degeneray of energy levels.
with |n(E)| ≤ 1. We then make the inversion of this
formula to derive E as a funtion of n. See Fig.6 for
their orrespondene in graphene, where E (n) is found
to be a prolonged S-shaped urve.
Diagonalizing the Hamiltonian (2.1) expliitly, we have
onstruted and displayed E(n) for several nanodisks
with trigonal zigzag shape in Fig.7(a), trigonal armhair
shape in Fig.7(b) and hexagonal zigzag shape in Fig.7().
Eah diagram onsists of step-like segments reeting the
δ-funtion type density of states (2.2). The length of eah
step represents the degeneray of the energy level in units
ofN
C
. It is remarkable that there exist zero-energy states
only in trigonal zigzag nanodisks. We have also heked
expliitly the absene of the zero-energy state in a series
of nanodisks with hexagonal armhair type [Fig.1(e)℄.
In eah gure we have also displayed the prolonged S-
shaped urve of graphene, whih the E (n) of nanodisk
approahes in the large size limit (N
C
→ ∞). The pro-
longed S-shaped urve is universal regardless of the nan-
odisk's shape.
We investigate trigonal zigzag nanodisks more in de-
tails sine they have zero-energy states. It an be shown
FIG. 6: (a) Density of state D(ε) as a funtion of the energy
ε in units of t = 3eV for graphene. (b) The energy E(n) as a
funtion of the doped eletron number n. These two funtions
share the same information of the energy spetrum.
that the determinant assoiated with the Hamiltonian
(2.1) has a fator suh that
det [εI −H (N
C
)] ∝ εN (ε− t)a(N)(ε+ t)a(N), (3.2)
implying the N -fold degeneray of the zero-energy states
and the a (N)-fold degeneray of the states with the en-
ergy ε = ±t, where
a (N) = 3, 3, 3, 3, 3, 5, 3, 5, 3, 7, 3, 7, 3, 9, 3, 9, 3, ...., (3.3)
for N = 1, 2, 3, · · · .
Sine there exist half-lled zero-energy states for N ≥
1, these nanodisks are metalli. The gap energy between
the rst exitation state and the ground state dereases
as the size beomes larger. However, it is remarkable
that the gap energy is quite large and is of the order
of 3eV even in the nanodisk with size N = 7 [Fig.5(b)℄.
This is muh higher than room temperature. Hene, the
low-energy physis near the Fermi energy ε = 0 an well
be desribed only by taking the zero-energy states into
aount.
IV. WAVE FUNCTIONS OF TRIGONAL
NANODISKS
A wave funtion is represented as
ϕ(x) =
∑
i
ωiϕi(x), (4.1)
where ϕi(x) is the Wannier funtion loalized at the lat-
tie point i. The operator ci in the Hamiltonian (2.1) an-
nihilates an eletron in the state desribed by the Wan-
nier funtion ϕi(x). We are able to alulate the am-
plitude ωi for zero-energy states in the trigonal zigzag
nanodisk. All of them are found to be real. As an ex-
ample we show them with size N = 5 in Fig.8, where
the solid (open) irles denote the amplitude ωi are pos-
itive (negative). The amplitude is proportional to the
radius of irle. It is intriguing that one of the wave
funtions is entirely loalized on edge sites for nanodisks
with N =odd, as in Fig.8(a). There are no suh wave
funtions for nanodisks with N =even.
4FIG. 7: (Color online) Energy spetrum E(n) as a funtion
of the doped eletron number n for (a) trigonal zigzag nan-
odisks, (b) trigonal armhair nanodisks and () hexagonal
zigzag nanodisks, with various sizes. The horizontal axis is
the number of doped eletrons n, and the vertial axis is the
energy E in units of t = 3eV. The S-shaped solid urve is
that of graphene. The energy density diagrams of nanodisks
approah that of graphene for large size. There are degener-
ate zero-energy states in all trigonal nanodisks, and they are
metalli. There are no zero-energy states in all zigzag arm-
hair nanodisks and all hexagonal nanodisks, and they are
semionduting.
The most important property is that all wave funtions
are nonvanishing on edge sites. In order to demonstrate
this, we have investigated how the zero-energy states are
modied by hanging the site-energy εi in the Hamilto-
nian (2.1) only for edge arbons. Edge arbons are those
surrounded by two arbon atoms and one hydrogen atom,
while bulk arbons are those surrounded by three ar-
bon atoms
5
. If a wave funtion vanishes on edges, the
zero-energy state must remain as it is. First, we take
εi = ε − ∆ε for all edge arbons. We show how the
FIG. 8: The zero-energy states of the trigonal nanodisk with
size N = 5. There are 5 degenerate states, (a) ∼ (e). Ele-
trons are loalized on edges in the state (a). When the site
energy εi is dereased at edges equally, the degeneray is par-
tially resolved, as illustrated in Fig.9(a). The state (a) has
the lowest energy and nondegenerate; the states (b) and ()
are degenerate; the states (d) and (e) are degenerate and have
the highest energy. When the site energy εi is dereased fur-
ther on the bottom edge, all the degeneray among these 5
states is resolved, as illustrated in Fig.9(b).
FIG. 9: (Color online) Zero-energy states split into several
nonzero-energy states by edge modiations. The horizontal
axis is the size N and the vertial axis is the energy in units
of t = 3eV. (a) We take εi = ε−∆ε for all edge arbons with
∆ε = 0.03eV. Nonzero-energy states are nondegenerate (blue)
or 2-fold degenerate (red). (b) We take εi = ε − ∆ε − ∆ε
′
,
∆ε′ = 0.003eV for edge arbons on only one of the three edges
and εi = ε−∆ε for those on the other two edges. All states
beome nondegenerate.
zero-energy states split by taking ∆ε = 0.01t = 0.03eV
in Fig.9(a) for N = 1, 2, · · · , 20. It is seen that all
zero-energy states aquire negative energy and that they
beome one-fold or two-fold degenerate. The energy
derease is larger when the wave funtion is loalized
more on edges. When we derease the site-energy more,
εi = ε−∆ε−∆ε
′
, ∆ε′ = 0.001t = 0.003eV for edge ar-
5bons on only one of the three edges, all the degeneray
is found to be resolved as in Fig.9(b).
V. MAGNETIC PROPERTIES OF TRIGONAL
NANODISKS
We proeed to show that the degenerate ground states
lead to a ferromagnetism as in graphene nanoribbon.
This is beause the Coulomb exhange interation or the
Hund's rule oupling drives all spins to polarize into a
single diretion. We are most interested how large is the
relaxation time for small nanodisks. (Stritly speaking,
ferromagnetism an our only in an innitely large sys-
tem, but we may use the terminology for a nite system
if the relaxation time is large enough.)
The eetive Hamiltonian for the Coulomb exhange
interation is given by the Heisenberg model. Here, for
the sake of simpliity, we use the Ising model,
H = −
N∑
i6=j
Jijσiσj , (5.1)
sine the Heisenberg model presents essentially the same
result on the relaxation time as we shall argue later. In
the eetive Hamiltonian, σi is the spin operators of ele-
trons in the ith zero-energy state, σi = ±1, and the
summation is taken over all eletron pairs. An impor-
tant point is that the exhange interation strength Jij
must be nonzero for all eletron pairs beause their wave
funtions are nonvanishing on edges. This is in a sharp
ontrast to the Hamiltonian for a nanomagnet, where Jij
an be regarded nonvanishing only for neighboring ele-
tron pairs sine the index i represents the site in the real
spae. This makes a lear dierene in the relaxation
time as we shall soon see.
The spin dynamis is well desribed by the master
equation, dP (t) /dt = LP (t), where the symbol P de-
notes the probability distribution funtion speifying the
spin onguration, and L is the Liouville operator as-
soiated with the Hamiltonian. When the expansion
P (0) =
∑
λ cλPλ holds at the initial state at time t = 0,
the state of the system at any later time is given by
P (t) = eLtP (0) =
∑
λ
cλe
−λtPλ, (5.2)
where λ is obtained by solving the eigenvalue equation,
LPλ = −λPλ. The relaxation rate of the system is equal
to the minimum eigenvalue λ
min
of the Liouville operator.
Thus the relaxation time is given by τ = 1/λ
min
.
To get a onrete idea, sine all Jij are nonvanishing,
we rst make an estimation by making an approximation
Jij = J . We are able to diagonalize the Ising Hamiltonian
(5.1) expliitly. The eigenvalues are given by
En = −
J
2
[
(N − 2n)2 −N
]
, (5.3)
FIG. 10: Relaxation time of various graphene nanodisks. (a)
The relaxation time of nanodisks with size N = 1, 2, · · · , 8
from bottom to top. The horizontal axis is the oupling on-
stant J/kT and the vertial axis is the relaxation time in the
form of log10[τN/τ1℄. (b) The relaxation time of nanodisks
with interation strengthK ≡ J/kT = 1/16, 1/8, 1/4, 1/2, 1, 2
from bottom to top. The horizontal axis is the size of nan-
odisks N .
where n = 0, 1, 2, · · · , N is the energy level index. We
have then arried out an exat diagonalization of the
eigenvalue problem of the Liouville operator L and deter-
mined the eigenvalue λ
min
. We show the relaxation time
as a funtion of the oupling strength J/kT for various
size N in Fig.10(a) and as a funtion of size for various
oupling strength in Fig.10(b).
For the noninterating ase, J/kT = 0, it is easy to
see that the relaxation time τN of the N -trigonal zigzag
nanodisk is given by
τN = Nτ1.
On the other hand, the relaxation rate λ
min
is given by
the Arrhenius-type formula for strong oupling limit or in
low temperature limit, J/kT ≫ 1. Hene the relaxation
time is given by
τN = exp
[
∆E
kT
]
τ1, (5.4)
where
∆E = JN2/2 for N = even,
∆E = J(N2 − 1)/2 for N = odd
(5.5)
is the energy dierene between the highest energy state
and the ground state. It is observed in Fig.10 that the
relaxation time is given by the asymptoti formula (5.4)
already for J & kT .
The relaxation rate is given by the Arrhenius-type for-
mula also in the generi model (5.1) with Jij 6= J , where
∆E is the energy dierene between the highest energy
state and the ground state. Then, the relaxation time is
given by (5.4) by replaing J with
J
e
≃
1
N(N − 1)
N∑
i6=j
Jij , (5.6)
whih is of the order of a typial Jij . Furthermore, we
would obtain the same result for the Heisenberg model
even with Jij 6= J .
6Note that in an ordinary nanomagnet omposed of N
spins, the relaxation time is given by (5.4) with
∆E = JNz, (5.7)
where z is the number of the nearest neighboring spins. It
is remarkable that the size dependene of the relaxation
time is ∝ N2 for trigonal zigzag nanodisks, though it is
∝ N for normal nanomagnets. This is beause any one
spin ouples with all other spins in the zero-energy state.
VI. DISCUSSIONS
Graphene derivatives beome metalli when they have
half-lled zero-energy states. We have explored the en-
ergy spetra in a wide lass of nanodisks as well as nite-
length nanoribbons. It is surprising that the emergene
of zero-energy states is quite rare. There exist no zero-
energy states in nite-length zigzag nanoribbons. How-
ever, the band gap dereases inversely to the length, and
zero-energy states emerge as L → ∞. Hene, a su-
iently long nanoribbon an be regarded pratially as a
metal.
Among a wide lass of nanodisks we have studied, trig-
onal zigzag nanodisks are distinguished for their ele-
troni properties sine they exhibit metalli ferromag-
netism due to their half-lled degenerate zero-energy
states. The degeneray is ontrollable arbitrarily by
hanging the size of nanodisks. We have estimated the re-
laxation time, whih has been argued to be proportional
to exp[J
e
N2/2kT ] when the size is N . Though the nu-
merial estimation of the eetive spin stiness J
e
is yet
to be done, it is of the order of the Coulomb energy sine
its origin is the exhange interation or the Hund's ou-
pling rule. We onlude that the relaxation time is quite
large for its size at low temperature T . J
e
/2k. Hene,
for instane, it ould be used as a memory devie. By
onneting nanodisks with nanoribbons, we an design
eletroni iruits. These devies would be obtained by
ething a single graphene. Alternatively, nanodisks may
be onneted with leads by making tunneling juntions.
We would like to make an analysis of the nanodisk and
lead system together with related phenomena in future
works.
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